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It has been an open question for many years whether the associated Lie ring of a 
relatively free group is necessarily relatively free (see, for example, [15]). We 
answer this question in the negative by proving that the variety ~4g~z has Lie 
relators which are not identical Lie relators. © 1999 Academic Press 
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1. INTRODUCTION 
Our purpose is to investigate the connection between a group G and its 
associated Lie ring 2(G). The associated Lie ring of a group is an object 
which has proved enormously important in the study of the Burnside 
Problem, as well as other areas. In particular, Kostrikin [7] and Zelmanov 
[17, 18] used it in the solution of the Restricted Burnside IS"oblem (see [14]). 
As is the nature of things, the associated Lie ring has become an object of 
study in its own right (cf. [16]). This is the approach we take here. 
The associated Lie ring has been calculated for surprisingly few groups. 
We know that the associated Lie ring of a free group is free (see 
Subsection 2.2). Newman and Vaughan-Lee [11] calculated the Lie rings of 
the relatively free m-generator Engel-4 groups of exponent 5. The Lie 
rings of some of the smaller free Burnside groups have also been calcu- 
lated. Havas, Wall, and Wamsley [4] computed the associated Lie ring of 
~(2,5) (the free 2-generator Burnside group of exponent 5). They used 
this calculation in one of their proofs that the largest finite 2-generator 
group of exponent 5 has order 5 34. Havas, Newman, and Vaughan-Lee [5] 
computed the largest 3-generator Lie ring satisfying all the multilinear Lie 
relators satisfied by ~5. Vaughan-Lee [13] subsequently proved that this 
Lie ring is the associated Lie ring of ~(3, 5). The associated Lie rings of 
~3(2, 4), ~(3, 4), and ~(4, 4) are used in [14, Chap. 6]. All of these groups 
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are relatively free, and all of their associated Lie rings, except possibly 
~(~3(3,4)) and )(9,3(4,4)), are relatively free. This raises the question of 
whether the associated Lie ring of a relatively free group is always 
relatively free (see, e.g., [11, 14-16]). We provide a negative answer to the 
above question by proving that the variety ~4~2 has nonidentical Lie 
relators. 
Let F be the free group of countably infinite rank, and L the free Lie 
ring of countably infinite rank. Given a variety 23, we can express its 
relatively free group of countably infinite rank, F (~) ,  as a quotient of F 
by a fully invariant subgroup 93(F). So we obtain the exact sequence (see 
Subsection 2.2 or [16]) 
1 ~ 2~(F) ~ F -~ F (~)  --* 1. (1) 
If we let £ (F (~) )  be the associated Lie ring of F(R1), then we can express 
£(F(23)) as a quotient of L. This gives the exact sequence 
0 --* 23(L) ~ L ~ 5Z(F(23)) ~ 0. (2) 
Clearly, E(F(K~)) is relatively free if and only if 21(L) is fully invariant. 
The existence of nonidentical Lie relators for 2~ is equivalent to 2~(L) not 
being fully invariant (see Subsection 2.2). 
For any integer n, let 23~ be the variety of all groups of exponent 
dividing n (the Burnside ~,ariety of exponent n). Then, the variety ~4 ~ 
consists of all of those groups which are extensions of groups of exponent 4
by groups of exponent 2. We investigate the variety ~ 4 ~ 2, and show that 
it has Lie relators which are not identical Lie relators. 
There are still many questions left unanswered by this result. Since 
much of the motivation for using the associated Lie ring comes from the 
Burnside problem, perhaps the most interesting examples to look at are 
the free Burnside groups. Whether or not the associated Lie ring of a free 
Burnside group is always relatively free remains an open question (see [14, 
p. 39]). Vaughan-Lee conjectured that all Lie relators for ~3p are conse- 
quences of the multilinear ones, for all primes p (see [8, p. 173]). Since all 
multilinear Lie relators are identical (see [16] or [11]), this would mean 
that 52(F(~p)) is relatively free. This also remains an open problem. 
2. PRELIMINARIES 
2.1. The Associated Lie Ring of a Group 
DEFINITION 2.1. Let G be a group, and x, y ~ G. Then the commuta- 
tor of x and y, which we denote by [x,y], is the element x-ly-lxy. If 
H, K _< G, then we define the commutator subgroup of H and K, denoted 
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by [H, K], to be the subgroup of G generated by all elements of the form 
[h,k], where h ~ H and k ~ K. 
DEFINITION 2.2. Let G be a group. The lower central series {T,,(G)} n >~ 
of G is defined inductively as follows: yl(G) := G, and if %(G) is already 
defined, Tz+I (G) := [T,(G),G]. 
There are many standard results about commutators and the lower 
central series. We state, without proof, only a few which motivate the 
definition of the associated Lie ring. 
THEOREM 2.3. Let G be a group and {T,(G)} its lower central series. Let 
x, y, and z be elements of G. Then 
(1) Ix, yz] = Ix, z][x, y]Z, 
(2) [xy, z] = [x, z]Y[y, z], 
(3) [x, y- l ,  zF[y, z -~, x]~[z, x -1, y]~ = 1, 
(4) T,(G) is" a fitlly mvariant subgroup of G for all i, 
(5) [y,(G), yj(G)] < yi+j(G), for all i andj. 
All of these can be found in [2, Chap. 10] (or almost any other standard 
book on group theory). 
Using the above theorem, and other standard results, we construct he 
associated Lie ring of G, which we denote by E(G). The lower central 
factors %(G)/%+1(G) are abelian groups, and so can be thought of as 
Y-modules. We use their direct sum to form the associated Lie ring. 
DEFINITION 2.4. Let ~(G)= ~t~xl%(G)/y,+I(G). We define a Lie 
product on E(G) in the following way. Suppose that x = gy,+l(G) and 
y = hy~+ I(G) are homogeneous elements of ~(G). Then we define 
[x,y] := [g,h]%+j+l(G), 
and extend this product o the rest of ~(G) linearly. 
To prove that this definition turns ~(G) into a Lie ring is straightfor- 
ward. Part (5) of Theorem 2.3 ensures that the Lie product is well defined. 
The identities (1) and (2) of Theorem 2.3 correspond to the linearity of the 
Lie product, while (3) corresponds to the Jacobi identity (see [2, Chap. 18]). 
The subspaces L, := %(G)/%+I(G) form a natural grading for ~(G) 
(see [14, p. 11]). 
2.2. Varieties of Groups and the Functor 
As usual, the background for varieties of groups can be found in [10]. 
The definitions for varieties of Lie rings are analogous, and can be found 
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in [1]. The following approach to the associated Lie ring is adapted (only 
slightly) from [16], from which we take much of our inspiration. 
Let F be the absolutely free group of countably infinite rank. Given a 
variety of groups 93 and the relatively free group of 93 of countably 
infinite rank F(93), we have the following exact sequence, 
1 --* 93(F) ~ F --* F(93) ~ 1, (3) 
where 93(F) is some fully invariant subgroup of F. The operation which 
takes a group G to its associated Lie ring ~(G) gives rise to a functor from 
the category of groups to the category of Lie rings. We denote this functor 
by 2. We are investigating the properties of this functor, specifically 
whether ~ preserves the property of being fully invariant. We have two 
important properties of the functor ~ on which to build. The first is that 
preserves the surjectivity of homomorphisms. The second is the following 
result of Magnus. 
THEOREM 2.5 (Magnus). The associated Lie ring of an absolutely free 
group is absolutely free. 
To prove this theorem, Magnus embeds the free group into a power 
series ring. For a detailed account of the proof, and many more results 
about the associated Lie ring, see [9]. 
Given these two results, we have the following exact sequence of graded 
Lie rings, 
0 -~ 93(L) -+ L --+ 2(F(93) )  + 0, (4) 
where L is the absolutely free Lie ring of countably infinite rank and 
2_~(L) is some ideal of L. Elements of the ideal 93(L) are called Lie 
relators for 93. An element in L which is mapped to zero by every 
homomorphism from L into ~(F(93)) is called an identical Lie relator for 
93. It is clear that the set of identical Lie relators form a fully invariant 
ideal of L. We denote this ideal by 93id(L). Then 93ia(L) is the maximally 
fully invariant ideal of L contained in 93(L) (see [16]). It is also clear that 
93id(L) C 93(L). (5) 
Our result is that 
(~4~2)id(L) =/= (~;~4~2)(L). (6) 
3. THE MAIN RESULT 
We use the ANUp-quotient program from within GAP [12] to do all of 
our calculations. For a theoretical background to the p-quotient algorithm 
and power-commutator presentations (PCPs), see [3]. 
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We still assume that F is the absolutely free group of countably infinite 
rank and that L is the absolutely free Lie ring of countably infinite rank. 
We denote by xl, x2,. . ,  a free generating set for F and by z 1, z : , . . ,  a 
free generating set for L. We implicitly identify L with ~(F)  and z i with 
X, T2(F) .  
For any group G and any Lie ring K, we define expressions v? and w, 
respectively. If a, b, c ~ G, then 
~(a ,b ,c )  = [a ,b ,c ,c ] [a ,c ,b ,c ] [a ,c ,c ,b ]  
[b ,c ,a ,a ] [b ,a ,c ,a ] [b ,a ,a ,c ]  
[c, a, b, b][c, b, a, b][c, b, b, a]. (7) 
Similarly, if x, y, z ~ K, then 
w(x,y,z)  = [x,y, z,z] + [x,z,y,z]  + [x,~,~,y] 
+[y,~,x,~] + [y,x,~,~] + [y,~,x,~] 
+[z,~,y,y]  + [~,y,~,y] + [~,y,y,x]. (8) 
It is well known (see, e.g., [14, p. 145]) that if B e 234, and x, y, z e E(B), 
then 
w(~,y ,  ~) = 0. (9) 
So w is an identical Lie relator for 23 4. It is also known (in fact, it is a 
consequence of the above) that, for all a, b, c ~ B, 
~(a ,b ,c )  ~ ys(B) .  (10) 
The Lie relator w is certainly a likely candidate for one which is 
nonidentical (see [16]). The main reason for this is that it is not multiho- 
mogeneous. Let G be a relatively flee group of countably infinite rank, 
relatively freely generated by gl, g2 . . . .  , such that w(zl, z 2, z 3) is a Lie 
relator for G. This is equivalent to w(gl, g2, g3) = c, for some c ~ 7s(G). 
By a standard argument (cf. [6, p. 169], or [14, p. 34]), we can assume that 
c = C(gl,  g2, g3) is a product of commutators in gl, g2, g3 (and their 
inverses), each of weight at least 5, and each involving all of g~, g2, g3. The 
fact that G satisfies the Lie relator w(z~, z 2, z 3) does not immediately 
imply that it satisfies the Lie relator w(z~, Zz,[Z 3, z4]) (in fact, this remains 
an open question). To see this, let 
W 1 ~-[Z2, [Z3,Z4],Z1,Z1] -t- [Z2,ZI,[Z3,Zg],ZI] "3v [Z2,Z1, ZI,[Z3,Z4] 
+[[z3,z4],z~,z2,z2] + [ [~,z4] ,~; ,z~,~21 
+[[z3,z4] ,z2 ,z2 ,z l ] ,  
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and 
W 2 : [ZI, Z 2, [Z 3, Z4], [Z 3, Z4]] q- [Z1, [Z3, Z4], Z 2, [Z 3, Z4]] 
q- [Z 1 , [Z 3 , Z4], [7- 3 , Z4], Z2]- (11) 
Then w(zj, z 2,[z3, z4]) = w 1 + w2, and w I is homogenous of degree 5, 
while w 2 is homogenous of degree 6. Now, let 
wl = [g2'[g3,g4],gt ,gl ] [g2,gl , [g3,g4],gl] [g2,g~,gl , [g3,g4]]  
[[g3,g4],gl,g2,g2][[gs,g4],g'_,gz,g2][[g3,g4],g2,g,_,gl],  
(12) 
and 
W2 : [gl, g2, [g3, g4], [g3, g4]] [gl, [g3, g4], g2, [g3, g41] 
[gl,  [g3, g4], [g3, g41, g21" (13) 
Then vV(gl, g2, [g3, g4]) = ~v2wl •Now, since vV(g 1, g2, g3) = c(gl, g2, g3), 
and since G is relatively free, 
!~21~1 : l~(gl~ g2~ [g3, g4]) : c(gf,  g2, [g3' g4]) ~ ")/6(6), (14) 
and so ~ ~ 76(G). This is enough to ensure that w I is a Lie relator, but 
not enough to ensure that w 2 is a Lie relator. Despite all this, w(zl, z2, z 3) 
is an identical Lie relator for ~i2~ 4 (though this is a nontrivial result). We 
use the same technique, with a slightly more complicated substitution, to 
prove that ~4 ~ 2 has nonidentical Lie relators. 
We now prove that w([zl, Z2],[Z3, Z4],[Z5, Z6] ) is a Lie relator for the 
variety ~ 4 ~ 2- 
LEMMA 3.1. Let F 6 be the reIati~,ely free group of the t~ariety ~4~2 of 
rank 6 and let F., be generated by {fl, );2, f3, f4, fs, f6}" For 1 <~ i <_ 6, let 
y, = f, y2(F6). Then 
w([y l ,  Y2], [Y3, Y41, [Y5, Y6]) = 0, (15) 
in ~(F6). Thus, w([zl, zz],[z3, z4],[zs, z6] ) is a Lie relator for 934~ 2. 
Proof We first note that F£ has exponent 4. To see this, let N __< F 6 be 
such that N has exponent 4 and F JN  has exponent 2. Now, F6/N is 
abelian (because all groups of exponent 2 are), so /v~ < N. Therefore, F~ 
also has exponent 4. 
Now, this means that, for any hi, hz, h 3 ~/7~, l~(hl, h2 ' h3 ) ~ ys(f~'}). A 
trivial inductive proof using part (5) of Theorem 2.3 shows that 75(F~) < 
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ym(Fo). Thus, in particular, 
w([ f , , f2 ] , [ f3 , f4 ] , [ f s , f6 ] )  ~ Tlo(F6) • (16) 
Now, if nontrivial, w([yj, ya], [Y3, Y4], [Ys, Y6]) is a homogeneous element of 
weight 8 in ~(F6). However, 
w([y l ,  Y2 ], [Y3, Y4], [Y5, Y6]) = w({fl, f2], [f3, f4], [fs, f6 ])Y9(F6) 
= %(F6). (17) 
This completes the proof of the lemma. | 
We prove that w([x~, x2], [x 3, x4], Ix 5, x6]) is not an identical Lie relator 
for 5~4~ 2 by explicitly constructing a particular group J ~ ~4~2 ~ and 
proving that w([z2, zt], [z3, zl], [z2, zj, z3]) is not a Lie relator for J. 
Let G = (a, b, cla 2 = b 2 = c 2 = 1), and define H := G/((G')4ys(G')). 
It is clear that H ~ ~4~_~2 since H' has exponent 4 and the natural 
generators of H have order 2. We examined various finite quotients of H 
(which are also in ~4232). We eventually settled on the following group: 
J=(a ,b ,  c la2=b2=c2= [c,b] = 1, 
[c,a]  4 = [b,a]  4 = ( [b ,a l [c ,a ] )  4= 1, 
[ [b ,a ,c ] , [b ,a ,a ] ]  = [b ,a ,c ,a ,b ,a ,b ] [b ,a ,c ,a ,b ,a ,b ,c ,a ] ,  
[ [c ,a ,a] , [b ,a ,c ] ]  = [b ,a ,c ,a ,c ,a ,c ] , [ [c ,a ,a ] , [b ,a ,a ] ]  = 1, 
[b ,a ,c ,a ,c ,a ,b ] [b ,a ,c ,a ,b ,a ,b ,c ]  = 1, 
[b ,a ,c ,a ]  a= [b ,a ,c ,a ,c ,a ,c ,a ] ,  
[b ,a ,c ,a ,c ] ;  = 1 , [b ,a ,c ,a ,c ,a ,b ,c ]  = 1, 
nilpotent class 10). (18) 
To compute J from within GAP, it is sufficient o define a group satisfying 
the 14 relations and then run the p-quotient algorithm to class 10 at the 
prime 2. Note that since the generators are of order 2, the lower central 
2-series and the lower central series coincide. GAP tells us immediately 
that lJ[ = 221. 
It is straightforward to verify that J '  has exponent 4 and nilpotency class 
4. To do this using GAP once J has been computed, we use the following 
commands: 
gap > K := DerivedSubgroup(O) ;
gap > L := LowerCentralSeries(K) ;
gap > Exponent(K) ;  
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The second command calculates the lower central series for J', from which 
it is easy to see that the fifth term is trivial. The third command yields the 
answer 4. Thus, J is a finite quotient of H. In the Appendix, we present a 
PCP for J, from which all calculations can be read off. 
We show that 
w([by2(J), aY2(J)] ,  [cT2(J) ,  ay2(J)], [by2(J), aT2(J), cy2(J)]) 4:0 
(19) 
in E(J). 
First, ~([b, c],[c, a],[b, a, c]) ~ ys(J ')  = {1} (because J' has exponent 
4). Then we have 
W([Z2, Z1] , [Z3, Z1] , [Z2, Z1, Z3] ) = U(ZI, Z2, Z3) -1-" U(Z1, Z2, Z3) , (20) 
where 
u(zl, <,  z,) := [[z~ 
+[[ 
+[[ 
+[[ 
+[[ 
+[[ 
, Z1], [Z2, Z1, Z3], [Z2, Z1], [Z2, Z1] l 
Z 3, Z1], [Z2, Z1], [Z2, Z 1, Z3], [Z2, Z1]] 
Z 3, Z1], [Z2, Z1], [Z2, Z1], [Z2, Z 1, Z3]] 
Z 2, Z 1, Z3], [Z2, Z1], [Z 3, Z1], [Z3, Z1]] 
Z 2, Z 1, Z3], [Z3, Z1], [Z2, Z1], [Z3, Z1]] 
Z 2, Z 1, Z3], [Z3, Z1], [2" 3 , Z1], [Z2, Z1]] 
is homogeneous of weight 9, and 
(21) 
+ [[<, eli, [<, el, ~], [z3, <], [<, <, ~1] 
+ [[z2, zl], [z2, zl, z3], [z2, zl, z31, [e3, <1] (22) 
is homogenous of weight 10. 
For any group G and any g, h, k ~ G, define 
~(g,h,k) = [[h,g],[k,g],[h,g,k],[h,g,k]] 
[[h, g], [h, g, k], [k, g], [h, g ,k] ]  
[[h, g], [h, g, k], [h, g, k], [k, g]], (23) 
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and 
~(g,h ,k )  = [ [k ,g ] ,  [h ,g ,k ] ,  [h ,g ] ,  [h ,g] ]  
[ [k ,g ] ,  [h, g], [h, g, k], [h ,g]]  
[ [k ,g] ,  [h ,g] ,  [h ,g ] ,  [h ,g ,k ] ]  
[[h, g, k], [k, g], [h, g], [h, g]] 
Then, in J, 
[[h, g, , ] ,  [h, [k,g], [h,2]] 
[[h,g,k], [h,g], [h, g], [k, g]] . (24) 
g~(a,b,c)(t(a,b,c)  = ~( [b ,a ] , [c ,a ] , [b ,a ,c ] )  = 1. (25) 
Since 15(a, b, c) ~ T~o(J), this implies that fi(a, b, c) ~ Tto(J), and hence 
that u(z 1, 22, Z 3) is a Lie relator of J. So W([Z2, 21], [Z3, Z1, [Z2, Z1, Z3]) will 
only be a Lie relator of J if v(z 1,z 2,z 3) is a Lie relator. But, for 
t,(zl, z2, z 3) to be a Lie relator of J, we need O(a, b, c) ~ 3ql(J) = {1). 
From the PCP for J given in the Appendix, it is easy to see that 
/~(a, b, c) = J21 = [b, a, c, a, b, a, b, c, a, c] ~ "ylt( J)  = {1}. 
Lemma 3.1 proves that the element w([z 1, z2], [z 3, z3], [zs, z6]) is a Lie 
relator of F(234~2). We now show that w([z2, zll,[z3, zl],[z2, zl, z3]) is 
not a Lie relator of F(234232), To see this, note that 
w([z2,z l ]  ' [z3,zl]  , [z2,z l ,  z3] ) = b/(Zl, Z2, Z3) -}- U(ZI,Z2,Z3). (26) 
The same argument as that given above for J shows that U(Zl, z 2, z 3) is a 
Lie relator of F(234 232). Thus we need only show that v(z 1, z 2, z 3) is not a 
Lie relator of F(234232). If it were, then the variety 23423; would satisfy 
an identity 
~(Xl, x2, x3) = d(xl ,  x2, x3), (27) 
where d ~ Tll(F). Since Y e ~,~4}~2, J would have to satisfy this identity, 
which would imply that 
O(a,b,c)  = d(a ,b ,c )  ~ "Yll(J), (28) 
which we have already shown is not the case. Hence, w([z 2, zl], [z 3, zl], 
[z 4, z3]) is a nonidentical Lie relator for the variety 234232 and we have 
the following. 
THEOREM 3.2. Tile t,ariety ~;)~c~423 2 contains nonidentical Lie relators. 
hence, (23~232)(L) is not fidly &variant, so 
(234232)ia(L) =# (234~2)(L ) .  
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APPENDIX :  PCP  FOR J 
We give a consistent PCP  for J with 21 generators,  denoted Jl, J2 , .  • ", J21- 
It is easy to see that J is generated by j~, J2, and J3- Any  squares of 
generators,  or commutators  of the form [j,, j~] with i > k, which are not 
listed are trivial. For  ease of  notat ion,  we denote j, by the integer i. 
42 = 
72= 
[2, 1] 
[5, 2] 
[5, 31 
[6, 31 
[7, 11 
[7, 3] 
[7, 41 
[7, 51 
[7, 61 
[8, 21 
[8, 4] 
[9, 1] 
[9, 5] 
[10, 4] 
[10, 81 
[11, 3] 
[11, 7] 
[12, 4] 
[13, 2] 
[13, 7] 
[14, 4] 
[16, 2] 
[18,1] 
6, 52 = 8, 
9"11"15"16"19"21 ,  102 = 19, 
= 4, [3, 1] = 5, [4, 1] = 6, [4, 21 = 6, [4, 3] = 7, [5, 1] = 8, 
= 7"9"10"11"15"20 ,  
= 8, [5,4] = 9"10"12"13"14"15"16"18"19"20 ,  
= 9, [6,5] = 13"19"20 ,  
= 10, [7,2] = 9"15"20 .  
= 9"11 "15"16"19"21 ,  
= 11"15"16"18"19 ,  
= 12"14"16"19 .20"21 ,  
= 15"20,  
= 9"11"12"15"16"17"21 ,  
= 14"16"20"21 ,  [8,7] = 17, 
= 13"16"19"20a21,  [9,4] = 15"18"20"21 ,  
= 16"21,  [9,7] = 18"21,  [10,1] = 19, [10,2] = 11, [10,3] = 12, 
= 13 * 15 * 21, [10, 5] = 14" 17 * 19, [10, 7] = 16 * 20 * 21, 
= 19, [11, 11 = 13, 
= 18, [11,41 = 15, [11,5] = 16 .20 .21 ,  
= 18, [11,101 = 21, [12, 1] = 14, [12, 2] = 18, 
= 18, [12, 5] = 17 .19 ,  
= 15, [13, 3] = 16, 
= 20 .21 ,  [14, 2] = 18, [14, 3] = 17, 
= 20, [14, 5] = 19, [15, 31 = 18, [15, 5] = 20 .21 ,  
= 18, [16,4] = 20, [16,7] = 21, [17,1] = 19, [17,4] = 21, 
= 20, [18, 5] = 21, [19, 2] = 21, [20, 31 = 21. 
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